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We investigate the ground-state properties of trapped fermion systems described by the Hubbard
model with an external confining potential. We discuss the universal behaviors of systems in different
regimes: from few particles, i.e. in dilute regime, to the trap thermodynamic limit.
The asymptotic trap-size (TS) dependence in the dilute regime (increasing the trap size ℓ keeping
the particle number N fixed) is described by a universal TS scaling controlled by the dilute fixed
point associated with the metal-to-vacuum quantum transition. This scaling behavior is numerically
checked by DMRG simulations of the one-dimensional (1D) Hubbard model. In particular, the
particle density and its correlations show crossovers among different regimes: for strongly repulsive
interactions they approach those of a spinless Fermi gas, for weak interactions those of a free Fermi
gas, and for strongly attractive interactions they match those of a gas of hard-core bosonic molecules.
The large-N limit keeping the ratio N/ℓ fixed corresponds to a 1D trap thermodynamic limit. We
address issues related to the accuracy of the local density approximation (LDA). We show that the
particle density approaches its LDA in the large-ℓ limit. When the trapped system is in the metallic
phase, corrections at finite ℓ are O(ℓ−1) and oscillating around the center of the trap. They become
significantly larger at the boundary of the fermion cloud, where they get suppressed as O(ℓ−1/3)
only. This anomalous behavior arises from the nontrivial scaling at the metal-to-vacuum transition
occurring at the boundaries of the fermion cloud.
PACS numbers: 71.10.Fd,05.30.Fk,67.85.-d,05.10.Cc
I. INTRODUCTION
The progress in the experimental activity in atomic
physics, quantum optics and nanoscience has provided a
great opportunity to investigate the nature of the quan-
tum dynamics, and the interplay between quantum and
statistical behaviors in particle systems. In particular,
experiments with cold atoms realize systems which are
accurately described by microscopic theoretical models
such as dilute atomic Fermi and Bose gases, or Hubbard
and Bose-Hubbard models in optical lattices. See e.g.
Refs. [1–4]. A peculiar feature of these experiments is
the confinement of the atoms, i.e. the presence of a in-
homogeneous space-dependent (usually harmonic) trap-
ping potential. The tunability of the confining potential
allows the realization of quasi-two and quasi-one dimen-
sional systems, by tightly confining the particles along
one or two transverse dimensions.
The inhomogeneity induced by the trapping potential
gives rise to peculiar effects, such as the possibility of
simultaneously observing different phases, in particular
Mott incompressible (insulator) and superfluid (metal-
lic) phases, depending on the distance from the center of
the trap. [1–3] This is essentially due to the fact that the
effective local chemical potential decreases with increas-
ing the distance from the center of the trap center. At
continuous quantum transitions the presence of the trap
does not allow the development of critical modes with
diverging length scales. However, in the limit of large
trap size ℓ the system develops peculiar critical modes,
which give rise to a universal trap-size scaling (TSS), con-
trolled by the universality class of the transition of the
homogeneous system [5, 6]. Therefore, in experiments of
trapped particle systems, a thorough understanding of
the quantum many-body dynamics calls for a quantita-
tive analysis of the trap effects. This issue has been much
discussed by theoretical and experimental investigations,
see e.g. Refs. 5–55.
In this paper we consider spin-1/2 fermion systems de-
scribed by the lattice Hubbard model, at zero tempera-
ture, therefore in their ground state. We investigate the
scaling behavior of unpolarized systems, i.e. with equal
number of spin-down and spin-up particles, when varying
the size of the trap confining the particles. We mostly
consider one-dimensional (1D) systems with both attrac-
tive and repulsive interactions, in the dilute regime when
the trap size ℓ increases keeping the particle number N
fixed, and in the trap thermodynamic limit defined as
the large-N limit keeping the ratio N/ℓ fixed. Note that
1D fermion systems are also experimentally interesting,
indeed their realizations, and evidences of pairing, have
been recently reported in Refs. [56, 57].
The asymptotic trap-size dependence in the dilute
regime for a system of N particles can be described in
the framework of the TSS theory, whose scaling behavior
is controlled by the dilute fixed point associated with the
metal-to-vacuum quantum transition. This is controlled
by the trap exponent θ related to the renormalization-
group (RG) perturbation arising from the trapping po-
tential, and requires a nontrivial rescaling of the on-site
interaction in 1D systems. The TSS predictions are com-
pared with numerical results based on DMRG simula-
tions. In particular, we address issues related to the
expected crossover from strongly repulsive interactions,
2where the system assumes the properties of a free spin-
less Fermi gas, to strongly attractive interactions, where
the system is expected to be effectively constituted by
hard-core bosonic (spin zero) molecules of two fermions,
passing through a free Fermi gas in the absence of inter-
actions.
We also investigate the trap thermodynamic limit of
the Hubbard model, i.e. the large-ℓ and large-N limit
keeping the ratio N/ℓd fixed. In particular, we address
issues related to the accuracy of the local-density approx-
imation (LDA), which approximates the space-dependent
particle density of a inhomogeneous trap by the particle
density of the homogenous system at the corresponding
value of the effective chemical potential. LDA is usually
used to determine the particle density in inhomogeneous
systems, providing an accurate approximation when the
inhomogeneity is sufficiently smooth. Of course, LDA is
not exact, in particular at finite trap sizes. Therefore,
an analysis of the deviations from LDA, and therefore of
its accuracy, is required to get a robust confidence of its
results.
LDA has been largely employed in studies of inho-
mogeneous interacting fermion systems, see Refs. [1–
4] and references therein, an in particular of 1D sys-
tems [7, 9, 10, 13, 14, 16, 17, 19–27, 41–43, 48]. The
comparison with numerical results for the particle den-
sity shows that it provides a good approximation in many
cases. A more quantitative analysis of the deviations
from LDA may be achieved by establishing whether LDA
becomes exact in the large trap-size limit, and how de-
viations get suppressed at large, but finite, ℓ. We in-
vestigate this issue in the trapped 1D Hubbard model,
where LDA of the particle density can be exactly com-
puted by Bethe-Ansatz methods [58, 59], allowing us to
perform an accurate study of the deviations from LDA.
We show that LDA of the particle density tends to be-
come exact in the large trap-size limit, with power-law
suppressed corrections. In particular, the corrections ap-
pear significantly larger at the boundary of the fermion
cloud, decreasing as O(ℓ−1/3), due to the critical modes
arising from the metal-to-vacuum transition at the edges
of the trap.
The paper is organized as follows. In Sec. II we present
the Hubbard model in the presence of an external po-
tential coupled to the particle density; we provide the
definitions of the observables and correlations which are
considered in the paper. In Sec. III we investigate the
trap-size dependence at a fixed particle number, i.e. in
the dilute regime, in the framework of the TSS theory. In
Sec. IV we consider the thermodynamic limit in a trap,
i.e. the large trap-size limit keeping the ratio N/ℓ fixed;
in particular, we address the accuracy of the LDA of the
particle density and the peculiar scaling behavior at the
boundary of the cloud. Finally, in Sec. V we summarize
our main results and draw our conclusions. Some appen-
dices report technical details of some results mentioned
in the paper.
II. THE HUBBARD MODEL
The Hamiltonian of the Hubbard model reads
H = −t
∑
σ,〈xy〉
(c†σxcσy + h.c.) + U
∑
x
n↑xn↓x (1)
where x are the sites of a cubic lattice, 〈xy〉 indicates
nearest-neighbor sites, cσx is a fermionic operator, σ =↑↓
labels the spin states, and nσx ≡ c†σxcσx. The parti-
cle number operators Nˆσ =
∑
x
nσx are conserved, i.e.
[H, Nˆσ] = 0. In the following we consider balanced Fermi
systems, thus
N↑ = N↓ = N/2 (2)
where N is the total number of particles. In this sym-
metric case 〈n↑x〉 = 〈n↓x〉 and 〈c†↑xc↑y〉 = 〈c†↓xc↓y〉.
The presence of a trapping potential can be taken
into account by adding a external-potential term in the
Hamiltonian of the Hubbard model,
Ht = H +He, (3)
He =
∑
x
V (x)nx, nx ≡
∑
σ
nσx. (4)
For simplicity, we assume a rotational invariant potential
V (x) =
1
p
vprp, r ≡ |x|, (5)
where r is the distance from the center of the trap, and
p is a positive number. We set the origin x = 0 at the
center of the trap. The trap size ℓ is defined as
ℓ ≡ (2t)
1/p
v
, V (x) = 2t
rp
pℓp
(6)
The trapping potential is effectively harmonic in most
experiments, i.e. p = 2. [1] In the limit p → ∞ we
recover a homogenous spherical system of size L = 2ℓ
with hard-wall boundary conditions.
The above definition of trap size ℓ naturally arises
when we consider a thermodynamic limit in a trap [1, 60].
Indeed, in the presence of trap, a trap thermodynamic
limit can be consistently defined as the large-ℓ limit keep-
ing the ratioN/ℓd fixed. This is equivalent to introducing
a chemical potential µ, by adding the term
Hµ = −µ
∑
x
nx (7)
to the Hubbard Hamiltonian (1).
In the rest of the paper we set the kinetic constant
t = 1 and ℏ = 1; their dependence can be easily inferred
by dimensional analyses.
In our study we focus on the ground-state properties.
We consider one-point observables such as the particle
density
ρ(x) = 〈nx〉 (8)
3and the double occupancy
do(x) = 〈n↑xn↓x〉. (9)
Moreover, we analyze the behavior of correlation func-
tions such as the one-particle correlation
C(x,y) =
∑
σ
〈c†σxcσy + h.c.〉, (10)
the connected density-density correlations
G(x,y) = 〈nxny〉 − 〈nx〉〈ny〉, (11)
M(x,y) = 〈n↑xn↓y〉 − 〈n↑x〉〈n↓y〉, (12)
and the pair correlation
P (x,y) = 〈c†↑xc†↓xc↓yc↑y + h.c.〉. (13)
In the following we mostly consider 1D systems. The
homogeneous 1D Hubbard model has been extensively
studied, obtaining several exact results, see e.g. Ref. [59].
The phase diagram of homogenous 1D unpolarized sys-
tems presents various quantum phases related to the be-
havior of the particle density, such as vacuum, metallic
and Mott insulator (incompressible) phases, depending
on the chemical potential µ and the on-site interaction
U . Their phase boundaries are known exactly, by com-
putations based on the Bethe Ansatz, see e.g. Ref. [59].
In particular, the vacuum-to-metal transition occurs at
µ0 = −2 for U ≥ 0, (14)
µ0 = −2
√
1 +
U2
16
for U < 0. (15)
Fig. 1 shows the phase diagram for the 1D unpolarized
Hubbard model, with the different phases characterized
by different behaviors of the particle density. In the
metallic phase region the low-energy properties are char-
acterized by algebraically decaying correlations [59, 61].
At small attractive interactions fermions form Cooper-
pair-like bound states resembling those of BCS super-
conductors, while in the limit of strong interactions the
pairs become tightly bounded within an extension of the
lattice spacing, giving effectively rise to a system of hard-
core bosons.
We finally mention that the 1D Hubbard model, even
in the presence of an external confining potential, can
be exactly mapped into a model of two interacting
species (flavors) of hard-core bosons described by a Bose-
Hubbard model, whose Hamiltonian is formally analo-
gous to that of the Hubbard model with the fermionic
operators cσx replaced by hard-core bosonic operators
bσx. Some details are reported in App. A. The mapping
between fermionic and bosonic operators is nonlocal, but
it directly maps the density operator of fermions into
that of bosons, i.e. c†σxcσx → b†σxbσx. Thus the par-
ticle density and its correlations for the fermionic Hub-
bard model are identical to those of the two-flavor Bose-
Hubbard model.
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FIG. 1: (Color online) Phase diagram of the 1D unpolarized
Hubbard model, which shows the different quantum phases
related to the behavior of the particle density: vacuum, metal,
n = 1 and n = 2 Mott insulator phases.
III. TRAP-SIZE SCALING IN THE DILUTE
REGIME
In this section we study the asymptotic trap-size de-
pendence in the dilute regime, when increasing the trap
size while keeping the particle numberN fixed. This issue
is best addressed in the framework of the TSS theory [6].
Its universal features are determined by the RG dimen-
sions of the relevant perturbations at the fixed point con-
trolling the vacuum-to-metal transition of the Hubbard
model.
The scaling behavior of the Hubbard model in the di-
lute regime can be inferred by a RG analysis of the cor-
responding quantum field theory, see e.g. Ref. [62],
ZF =
∫
Dψ∗σDψσexp
(
−
∫ 1/T
0
dτ
∫
ddxLF
)
,(16)
LF =
∑
σ
[ψ∗σ
∂ψσ
dτ
+
1
2m
|∇ψσ|2 − µ|ψσ|2] +
+ uψ∗↑ψ
∗
↓ψ↓ψ↑.
The dynamic critical exponent z and the RG dimensions
yµ and yu of the relevant parameter µ and u at the dilute
fixed point (µ = 0 and u = 0) encode most important
information on the scaling properties in the dilute regime.
Since the dilute fixed point is essentially Gaussian, they
can be obtained by simple dimensional analyses,
z = 2, yµ = 2, yu = 2− d. (17)
In order to obtain the scaling behavior of the observ-
ables, such as the particle density and the correlations
introduced in Sec. II, we also need the RG dimensions of
the fermionic field ψ, density operator n = ψ†ψ, and pair
operator p = ψ↑ψ↓, which are respectively yψ = d/2 and
yn = yp = d.
The trap effects in the dilute regime can be inferred by
analyzing the RG perturbation arising from an external
4confining potential V (x) such as that of Eq. (5), i.e.
PV (x) = V (x)
∑
σ
|ψσ(x)|2, V (x) = vp|x|p, (18)
at the dilute fixed point. Proceeding analogously to the
case of spinless free-fermion systems [39, 40], the RG di-
mension yv of the potential coupling v can be obtained
from the RG relation
pyv − p = d+ z − yn = yµ. (19)
This RG analysis tells us that the trap induces a length
scale
ξ ∼ ℓθ (20)
with
θ ≡ 1
yv
=
p
p+ yµ
=
p
p+ 2
. (21)
This implies that the spatial coordinates x must be
rescaled as X = x/ℓθ to get a nontrivial TSS limit. In
particular, θ = 1/2 for the harmonic p = 2 potential, in
any spatial dimension.
The knowledge of the above critical exponents and RG
dimensions allows us to write down the universal TSS
ansatz for the observables introduced in Sec. II in the
dilute regime, which provides the asymptotic behavior
of their trap-size dependence. For example, for the n-
point correlation of a generic local operator O(x), we
expect [6, 39]
F (x1, ...,xn; ℓ, U,N) ≡ 〈O(x1)...O(xn)〉 (22)
≈ ℓ−εF(X1, ...,Xn;Uℓθyu, N)
where
ε = nθyo, Xi = xi/ℓ
θ, (23)
and yo is the RG dimension of the operator O(x) at the
dilute fixed point. Corrections to the above asymptotic
behavior are generally suppressed by further negative
powers of ℓ. TSS has some analogies with the standard
FSS for homogeneous systems [63, 64] with two main dif-
ferences: the inhomogeneity due to the space dependence
of the external field, and the size L replaced by ℓθ.
A. TSS in a lattice gas of free spinless fermions
The trap-size dependence of the simplest noninteract-
ing case U = 0 can be easily determined using the results
obtained for trapped lattice gases of spinless fermions,
defined by
H = −
∑
〈xy〉
(c†
x
cy + h.c.) +
∑
x
V (x)nx, (24)
where cx is a spinless fermionic operator, nx = c
†
x
cx, and
the potential V (x) is given in Eq. (5). In the following
we report some of the results of Refs. [40, 65] which are
useful for the rest of the paper.
In arbitrary dimensions the asymptotic trap-size de-
pendence of the particle density of a free gas of N spinless
fermions (N = 〈Nˆ〉 and Nˆ =∑
x
nx) is given by [40]
ρ(x, ℓ, N) ≈ ℓ−dθSp(X, N), (25)
where θ is the same trap exponent (21), and X ≡ x/ℓθ
As shown in Refs. [6, 40], the TSS limit corresponds to
a continuum limit in the presence of the trap. Thus the
TSS functions providing the asymptotic trap-size depen-
dence can be exactly derived from the ground state of
a trapped spinless Fermi gas defined in the continuum.
This is given by a Slater determinant of the lowestN one-
particle eigenfunctions ϕk(x) of the Schro¨dinger problem
Hϕk = εkϕk, H =
1
2
p 2 +
1
p
|x|p, (26)
with unit mass and trap size. This allows us to write the
TSS function Sp in Eq. (25) as
Sp(X, N) =
N∑
k=1
ϕk(X)
2. (27)
In particular, in the case of 1D systems in a harmonic
trap, it can be written as [10, 65]
S2(x,N) =
√
N√
2
[
ϕ′N+1(x)ϕN (x) − ϕ′N (x)ϕN+1(x)
]
(28)
where
ϕk(x) =
Hk−1(x)
π1/42(k−1)/2(k − 1)!1/2 e
−x2/2,
Hk are the Hermite polynomials, and the corresponding
eigenvalues are εk ∝ k − 1/2. In the case of a 1D hard-
wall trap, corresponding to p→∞,
S∞(x,N) =
N
2
+
1
4
− sin[π(N + 1/2)(1 + x)]
4 sin[π(1 + x)/2]
(29)
with |x| ≤ 1.
The one particle correlation behaves as
C(x1,x2, ℓ, N) ≈ ℓ−dθEp(X1,X2, N), (30)
where Xi = xi/ℓ
θ and
Ep(X1,X2, N) =
N∑
k=1
ϕk(X1)ϕk(X2). (31)
The connected density correlation scales asymptotically
as
G(x1,x2, ℓ, N) ≈ ℓ−2dθYp(X1,X2, N), (32)
Yp(X1,X2, N) = −Ep(X1,X2, N)2 (33)
5for |x1 − x2| > 0, which can be derived from the free
fermion relation
G(x1,x2) = −|C(x1,x2)|2 + δ(x1 − x2)C(x1,x2). (34)
Corrections to the above large-ℓ scaling behavior are
O(ℓ−2θ) relatively to the leading term [6].
The above TSS behaviors are universal with respect to
a large class of short-range interactions. For example, the
same asymptotic behavior is also expected in the presence
of a density-density nearest-neighbour interaction [39]
Hnn = w
∑
〈xy〉
nxny. (35)
Indeed the RG dimension of the coupling w is [62] yw =
−d, thus the interaction Hnn only induces O(ℓ−dθ) cor-
rections to the asymptotic behaviors.
The TSS functions of the particle density and the one-
particle and density correlations, cf. Eqs. (25), (30) and
(32), show also peculiar large-N scaling behaviors. In-
deed, [65]
Sp(x, N) ≈ NθSp(N (θ−1)/dX), (36)
and
Ep(X1,X2, N) ≈ NθEp(Nθ/dX1, Nθ/dX2), (37)
Yp(X1,X2, N) ≈ N2θYp(Nθ/dX1, Nθ/dX2). (38)
Note the different scaling of the space variable between
the density and the one-particle and connected density
correlations.
In the case of 1D systems in a harmonic trap, the large-
N scaling behavior can be derived from Eq. (28), obtain-
ing
S2(X,N) ≈ N1/2S2(X/N1/2), (39)
S2(z) = 1
π
√
2− z2 for z ≤ zb =
√
2, (40)
and S2(z) = 0 for z ≥ zb. The corrections to this large-N
behavior are known [40]; they are O(N−1) (relatively to
the leading term) for z < zb. In particular,
S2(0, N) =
√
2
π
N1/2
[
1 +
(−1)N+1
4N
+ ...
]
(41)
We finally mention that around the boundary of the
trap, i.e. at the spatial point z = ±zb =
√
2 where the
function S2 vanishes, a different large-N scaling behavior
sets in: [40, 66]
limN→∞N
−1/6S2(N
1/2zb +N
−1/6z,N) = F (z),
F (z) = 21/2|Ai′(21/2z)|2 − 2z|Ai(21/2z)|2. (42)
This implies that at the boundary zb of the cloud the
TSS function of the particle density increases as N1/6
only, instead of the O(N1/2) behavior for |z| < zb. This
is related to the fact that the z → zb limit of the O(1/N)
corrections is singular, see also below.
In the following we extend these results to the Hubbard
model, and in general to lattice fermion gases with short-
ranged interactions.
B. TSS in the dilute regime of the Hubbard model
1. TSS for d > 2
The RG analysis leading to Eqs. (17) shows that the
U term is irrelevant at the dilute fixed point for d >
2, because its RG dimension yu is negative. Therefore,
the asymptotic trap-size dependence in the dilute regime
turns out to be the same as that of a free Fermi gases of
N particles with N↑ = N↓ = N/2, independently of U ,
at least for U > U∗ with U∗ < 0 [62].
The asymptotic TSS can be easily determined from the
results of Sec. III A, obtaining
ρ(x, ℓ, U,N) = ℓ−dθ
[
2Sp(X, N/2) +O(ℓ
−κ)
]
, (43)
do(x, ℓ, U,N) = ℓ
−2dθ
[
Sp(X, N/2)
2 +O(ℓ−κ)
]
,
C(x1,x2, ℓ, U,N) = ℓ
−dθ
[
2Ep(X1,X2, N/2) +O(ℓ
−κ)
]
,
G(x1,x2, ℓ, U,N) = ℓ
−2dθ
[
2Yp(X1,X2, N/2) +O(ℓ
−κ)
]
,
M(x1,x2, ℓ, U,N) = O(ℓ
−2dθ−κ),
P (x1,x2, ℓ, U,N) = ℓ
−2dθ
[
Ep(X1,X2, N/2)
2 +O(ℓ−κ)
]
,
where the exponent of the leading power law are deter-
mined by the RG dimensions of the operators associated
with the observables or the correlations, see Eq. (22).
The presence of the on-site interaction induces scaling
corrections with
κ = (d− 2)θ. (44)
For d = 3 they dominate the scaling corrections expected
within the lattice model of free spinless fermion, i.e. the
Hubbard model with U = 0, which are relatively sup-
pressed as O(ℓ−2θ). [40]
The on-site interaction becomes marginal in 2D, thus
a residual weak dependence on U is expected in the TSS
limit, with at most logarithmic rescalings of the onsite
interaction.
2. TSS in 1D systems
The relevance of the U term in 1D gives rise to non-
trivial TSS limits, requiring an appropriate rescaling of
the parameter U . Indeed, we expect the large-ℓ scaling
behavior
ρ(x) ≈ ℓ−θR(X,Ur, N), (45)
do(x) ≈ ℓ−2θD(X,Ur, N), (46)
C(x1, x2) ≈ ℓ−θC(X1, X2, Ur, N), (47)
G(x1, x2) ≈ ℓ−2θG(X1, X2, Ur, N), (48)
M(x1, x2) ≈ ℓ−2θM(X1, X2, Ur, N), (49)
P (x1, x2) ≈ ℓ−2θP(X1, X2, Ur, N), (50)
where
Xi = xi/ℓ
θ, Ur = Uℓ
θ. (51)
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FIG. 2: (Color online) TSS of the particle density for N = 10
particles, at fixed Ur ≡ Ul
θ = −100 (top) and Ur = 100
(bottom). In both cases the data appear to converge to a
nontrivial curve with increasing ℓ, which are quite close to the
Ur →∞ and Ur → −∞ limits respectively, cf. Eqs. (54) and
(56), shown by the full lines. The dashed line is the Ur = 0
curve for a free Fermi gas. Due to the reflection symmetry
with respect the center of the trap, we show only data for
x ≥ 0.
θ is the same exponent of Eq. (21). These TSS behav-
iors are expected to be approached with power-law sup-
pressed corrections. Of course, for Ur = 0, i.e. for a
strictly vanishing U , we can derive the scaling functions
from the results of Sec. III A, taking into account that an
unpolarized free Fermi gases of N particles is equivalent
to two independent spinless Fermi gases of N/2 particles.
In order to check our predictions for the TSS behav-
iors, we present numerical DMRG [67] results for the 1D
Hubbard model in the presence of a harmonic trap, for
various values of U , N , and ℓ. DMRG simulations are
performed for a chain of L sites with open boundary con-
ditions. The size L is chosen sufficiently large to make
finite-size effects negligible; in practice, we set L large
enough to have ρ < 10−15 at the edges of the chain. The
number of states M kept in the truncation is M ≤ 1120,
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FIG. 3: (Color online) TSS of the particle density for N = 20
particles, Ur = −10 (top) and Ur = 10 (bottom). The lines
show the curves for Ur = 0, Ur →∞ and Ur → −∞.
which gives a maximum discarded weight below 10−9. 1
We use wavefunction prediction and exploit fully the con-
servation of the total number of particles of each species.
The implicitly restarted Arnoldi method is used to diag-
onalize the Hamiltonian.
We note that, for large negative U , the strong on-site
attraction tends to bunch together the particles in the
middle of the trap: this effect reduces the chain length L
needed to host all the particles, even down to O(N) in the
limit U → −∞. Moreover, it also reduces the number of
states kept in the DMRG truncation for a given accuracy.
This fact allows us to get data for larger and larger trap
size as the attractive interaction increases.
In Figs. 2 and 3 we show results for the particle density
of systems with N = 10 and N = 20 particles, for some
positive and negative values of the rescaled on-site inter-
action Ur ≡ Uℓθ. They clearly confirm the TSS predicted
by Eq. (45), indeed the data for ℓθρ(x) plotted versus
1 In a few computations at largeN , the maximum discarded weight
is slightly larger than 10−9; however the quality of the results
is adequate for our needs: we estimate (by varying M) that the
truncation error is negligible in all figures presented.
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FIG. 4: (Color online) DMRG data of ℓθρ(0) vs ℓ−2θ for N =
10 and Ur = −10, 10. The dotted lines show linear fits, which
support the O(ℓ−2θ) behavior of the corrections analogously
to the free U = 0 case.
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FIG. 5: (Color online) TSS functions of the particle density
of N = 10 particles, for various values of the scaling variable
Ur. We report the exact curves for a free Fermi gas (Ur = 0)
and the limits Ur → ±∞, cf. Eqs. (54) and (56). For the
other values of Ur we plot the DMRG results for a sufficiently
large trap size, providing already the asymptotic curves with
high precision, as shown in Figs. 2 and 3 for some values of
Ur.
x/ℓθ appear to approach a limiting curve representing the
TSS function R(X,Ur, N) at the given value of Ur and
N . The numerical results show that the asymptotic be-
havior is generally approached with O(ℓ−2θ) corrections
relative to the leading behavior, as in the case of noninter-
acting fermion systems, see Sec. III A. Some DMRG data
for the approach of the particle density at the origin to
its asymptotic behavior are reported in Fig. 4. The am-
plitude of these corrections is significantly larger for at-
tractive interactions, increasing with increasing |Ur|, re-
quiring larger and larger trap sizes to observe the asymp-
totic behavior. For example the ratio between the am-
plitudes of the leading O(ℓ−1) corrections at Ur = −10
and Ur = 10 is approximately 10.
The asymptotic TSS curves of the particle density
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FIG. 6: (Color online) TSS of the density-density correlation
G(0, x), i.e. with a point fixed at the trap center, for N = 10
particles, and Ur = −100, −10, 100. We plot ℓ
2θG(0, x) vs
x/ℓθ. The lines show the U = 0 curve and the Ur → ∞ and
Ur → −∞ limits, cf. Eqs. (55) and (57).
clearly depend on the scaling variable Ur. In Fig. 5 we
show them for N = 10 and several values of Ur. As ex-
pected, they extend to larger regions when we pass from
attractive to repulsive interactions. We also note that
the scaling density shows N/2 peaks for Ur . 10, while
they become N for large Ur, see in particular the data
for Ur = 100. As we shall discuss below, when varying
Ur from the strongly attractive to the strongly repul-
sive regimes, the system experiences a crossover from a
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FIG. 7: (Color online) ℓ2θG(0, x) versus x/ℓθ for N = 20 and
Ur = −10, 10. The lines show the Ur = 0 and Ur → ±∞
limits.
hard-core bosonic gas of N/2 molecules to a free spinless
fermion gas of N particles.
We also present results for the correlation functions
introduced in Sec. II, in particular we consider corre-
lation functions with a point fixed at the trap center
x = 0. Figs. 6 and 7 show the scaling behavior of the con-
nected density correlation function G(0, x), for N = 10
and N = 20 respectively, and various values of Ur. The
data nicely support the TSS Ansatz (48). In Fig. 8 we
show results for the connected correlation M(0, x) be-
tween up and down density. TSS is also confirmed by
the data of the one-particle correlation, see Fig. 9, and
the pair correlation in Fig. 10. In particular, the quanti-
ties which are more sensitive to the correlation between
up and down fermions, such as the up-down density cor-
relationM(x, y) and the pair correlation P (x, y), tend to
become more and more significant with decreasing Ur,
as expected because up and down fermions become more
and more tightly correlated for large negative values of
the on-site interaction. This is also shown by the behav-
ior of the double occupancy shown in Fig. 11.
An important issue concerns the universality of the
TSS reported in Eqs. (45-50). They are expected to be
universal apart from a global multiplicative normaliza-
tion, and normalizations of the arguments of TSS func-
tions. More precisely, we expect that they are universal
with respect to a large class of further short-ranged in-
teraction terms, such as
Hnn =
∑
σ,σ′
wσσ′
∑
〈xy〉
nσxnσ′y. (52)
Indeed, Hnn may only give rise to a change of the effec-
tive quartic coupling U (when adding Hnn to the Hub-
bard Hamiltonian, the effective relevant quartic coupling
becomes U + 2w↑↓), and to further O(l
−θ) corrections,
due to the fact that they introduce other irrelevant RG
perturbations of RG dimension yw = −d at the dilute
fixed point.
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FIG. 8: (Color online) TSS of the correlation M(0, x) ≡
〈n0↑nx↓〉c for N = 10 and Ur = −100, 100. We plot
ℓ2θM(0, x) vs x/ℓθ. The full line represents the Ur → −∞
limit given by Eq. (58).
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FIG. 9: (Color online) TSS of the one-particle correlation:
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3. Crossover behavior as a function of the on-site
interaction
It is important to note that the TSS limit corresponds
to a continuum limit in the presence of the trap, i.e. it
generally realizes a continuum quantum field theory in
the presence of an inhomogeneous external field. In the
case of the Hubbard model in the dilute regime, this con-
tinuum limit is given by the quantum field theory (16),
replacing the constant µ with a space-dependent poten-
tial µ − V (x). This implies that the TSS of the observ-
ables of the 1D trapped Hubbard model must approach
the solutions of the continuous problem of fermions with
contact interactions, which is also the so-called Gaudin-
Yang (GY) model [68, 69], with equal number of up and
down particles, N↑ = N↓ = N/2. The GY Hamiltonian
of a trapped fermion gas can be written as
HGY =
N∑
i=1
[
p2i
2m
+ V (xi)
]
+ g
∑
i6=j
δ(xi − xj). (53)
We expect that the TSS limit of the 1D Hubbard model
at fixed N is related to the GY model with g ∼ Ur.
More precisely, the TSS functions entering formulas (45-
50) are exactly given by corresponding quantities of the
GY problem with a trap of unit size.
The equation of state of the homogenous GY model
is exacty known for both repulsive and attractive zero-
range interaction [68, 69]. It is characterized by different
asymptotic regimes with respect to the effective dimen-
sionless coupling γ ≡ g/ρ, where ρ is the particle density.
At weak coupling γ ≪ 1 it behaves as a perfect Fermi
gas; in the strongly repulsive regime, γ ≫ 1 the equa-
tion of state approaches that of spinless Fermi gas; in
the strongly attractive regime γ → −∞ and for unpolar-
ized gases it matches that of a 1D gas of impenetrable
bosons [70], more precisely hard-core bosonic molecules
of fermion pairs [16, 71].
The relation between the TSS of the trapped Hub-
bard model and the continuum GY model can be ex-
ploited to determine the the TSS functions of the par-
ticle density and its correlation, i.e. R(X,Ur, N) and
G(X1, X2, Ur, N) respectively, in the strongly repulsive
and attractive limits, i.e. Ur →∞ and Ur → −∞.
We know that in the g →∞ limit the particle density
and its correlations of the GY model become identical to
those of a gas of N spinless fermions [4, 72, 73]. This
would imply that the Ur →∞ limit of the TSS functions
is
R(X,Ur →∞, N) = Sp(X,N), (54)
G(X1, X2, Ur →∞, N) = Yp(X1, X2, N), (55)
where Sp and Yp are the same functions entering the spin-
less free-fermion TSS, cf. Eqs. (27) and (33). Moreover,
the TSS functions of the double occupancy and the pair
correlation, i.e. D(X,Ur, N) and P(X1, X2, Ur, N), de-
fined in Eq. (46) and (50) respectively, trivially vanishes
in the Ur →∞ limit.
In the g → −∞ limit the density properties of the GY
model is expected to match that of an ensemble of hard-
core N/2 bosonic molecules constituted by up and down
fermions. Indeed, with increasing attraction, the pair-
ing becomes increasingly localized in space, and eventu-
ally the paired fermions form a tightly bound bosonic
molecule. Actually, the results of Ref. [16] for harmonic
traps, obtained by LDA, show that these bound states
get trapped in a smaller region, with an effective trap
size ℓb = ℓ/2 in the strongly attractive limit. Thus, we
expect that in the g → −∞ limit the particle density
of the unpolarized GY model (53) with a harmonic trap
matches that of N/2 hard-core doubly-charged bosons
with an effective trap size ℓb = ℓ/2, which in turn can be
mapped into a free gas of N/2 spinless doubly-charged
fermions in a harmonic trap of size ℓb. On the basis of
these arguments and using the results of Sec. III A, we
conjecture the following Ur → −∞ limit of the TSS func-
tions for harmonic traps:
R(X,Ur → −∞, N) = 23/2S2(
√
2X,N/2), (56)
G(X1, X2, Ur → −∞, N) = 8Y2(
√
2X1,
√
2X2, N/2). (57)
Moreover, since fermion pairs are tightly bounded in the
strongly attractive limit, we also predict
M(X1, X2, Ur → −∞, N) = 2Y2(
√
2X1,
√
2X2, N/2).(58)
Using analogous arguments we may also expect that in
this Ur → −∞ limit the TSS function of the double oc-
cupancy becomes proportional to R(X,Ur → −∞, N).
This is supported by the DMRG data by comparing the
data of the double occupancy and the particle density for
N = 10 and Ur = −100, shown in Fig. 11 and the top
Fig. 2 respectively. Moreover, in the same limit the TSS
function of the pair correlation should get proportional
to the one-particle correlation (density matrix) of a gas
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of N/2 hard-core bosons. This can be checked by com-
paring the Ur = −100 data of Fig. 10 with the results
of Ref. [40] for the one-particle correlation of hard-core
Bose gases.
The curves corresponding to the Ur → ±∞ limits are
shown in Figs. 2, 3, 5, 6, and 7 for both the particle
density and its connected correlations. They are clearly
approached by the data for large |Ur|, see in particular
the results for N = 10 in Figs. 2 and 6. Note that the
limit Ur → −∞ of the connected density-density corre-
lations G and M is apparently approached nonuniformly
at small distance. Indeed the data for Ur = −100 shown
in the top Fig. 6 appear to follow the asymptotic curve
(57) for x/ℓθ & 0.1, while at smaller distances they show
a sudden departure where the correlation increases sig-
nificantly. The comparison with the data for Ur = −10,
see the middle Fig. 6, suggests that this occurs at smaller
and smaller distances with increasing |Ur|, being likely re-
lated with the size of the molecules formed by the fermion
pairs.
These data show that the dilute TSS of quantities re-
lated to the particle density of the trapped Hubbard
model experience a smooth crossover from an effective
hard-core bosonic gas of N/2 molecules (Ur → −∞) to
an effective free gas of N spinless fermions (Ur → ∞),
passing through two noninteracting fermion gases of N/2
particles. In these 1D systems the formation of a gas
of molecules of pair fermions has some analogies to the
formation of a 3D molecule BEC and the BCS-BEC
crossover for 3D Fermi systems, which has been recently
observed in experiments with ultracold Fermi gases, see
e.g. Refs. [3, 74–80].
Let us note that the Ur →∞ limit of the TSS cannot
be obtained by first taking the U →∞ limit of the Hub-
bard model and then the large trap-size limit. Indeed, on
the one hand, the Ur → ∞ limit of the TSS reproduces
the g → ∞ limit of the continuous GY model, essen-
tially given by a gas of free spinless fermions. On the
other hand, the ground state of the Hubbard model in
the U → ∞ limit should be obtained by filling the cen-
tral N sites around the center of trap up to |x| . N/2
(actually we expect some degeneration), without any par-
ticular scaling with respect to the trap size.
Analogous considerations apply to the limit Ur → −∞,
which corresponds to a gas ofN/2 bosonic molecules with
hard-core interactions. Indeed, the ground state of the
trapped Hubbard model in the U → −∞ limit of the
Hubbard model (at any finite trap size ℓ) is just obtained
by completely filling the central N/2 sites around the
center of trap (up to |x| ≤ (N/2− 1)/2 if N/2 is an odd
number, in the case of even N/2 there are two degenerate
ground states filled for −N/4 ≤ x < N/4 and −N/4 <
x ≤ N/4), without any particular scaling property with
respect to the trap size.
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FIG. 12: (Color online) Large-N scaling of the TSS function
of the particle density of free Fermi gases: N−1/2R(X,Ur =
0, N) versus X/N1/2 for several values of N . The finite-N
curves, obtained using Eq. (28), clearly approach the large-N
limit R∞(z), cf. Eq. (60), with oscillations that get sup-
pressed as 1/N , in agreement with Eq. (60).
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FIG. 13: (Color online) Large-N scaling of the TSS function
of the particle density: N−1/2R(X,Ur, N) versus X/N
1/2 for
Ur/N
1/2 = −2 (top) and Ur/N
1/2 = 2 (bottom). The TSS
functions are derived from simulations with ℓ = 100, 200,
which are expected to be sufficiently large to effectively re-
produce the ℓ → ∞ limit. For comparison, we also show the
asymptotic curve for U = 0, cf. Eq. (60), and the expected
asymptotic curves for Ur/N
1/2 → ∞ and Ur/N
1/2 → −∞,
given by Eq. (62) and (63) respectively.
11
C. Large-N limit of the dilute TSS functions
We now discuss the large-N scaling behavior of the
TSS function appearing on the r.h.s. of Eqs. (45-50).
This also corresponds to studying the large-N behavior
of the GY model (53), which is reproduced by the asymp-
totic TSS functions of the Hubbard model in the large-ℓ
limit.
On the basis of the results obtained at fixed N and Ur,
we extend the Ansatz for the large-N scaling of nonin-
teracting Fermi gases, see the end of Sec. III A, to the 1D
Hubbard model, by allowing for a large-N rescaling of the
on-site interaction. We argue that the TSS function of
the particle density, cf. Eq. (45), behaves asymptotically
as
R(X,Ur, N) ≈ N1/2R∞(X/N1/2, Ur/N1/2) (59)
where R∞(z, u) is a nontrivial scaling function, and
power-law suppressed corrections are neglected. The
large-N rescaling of the on-site coupling Ur may be in-
ferred by noting that in the continuum model (53) the
strength g of the interaction should be compared with the
density of the gas around the center of the trap, which
is expected to increase as N1/2 with increasing N (keep-
ing ℓ fixed). This suggests that the effective coupling
strength should be g/N1/2 ∼ Ur/N1/2. We mention that
this rescaling of g was already considered in Ref. [48] for
the continuum GY model. This large-N rescaling may be
also derived by requiring the consistency of this scaling
behavior with the dilute limit N/ℓ → 0 of the parti-
cle density as obtained by the LDA, see Sec. IV, which
requires ρ = fρ(U,N/ℓ, x/ℓ) (taking into account that
asymptotically N/ℓ becomes a function of the chemical
potential µ).
For Ur = 0 we must recover the known results for
spinless Fermi gases, [40, 81] taking into account that it
corresponds to the large-N limit of two identical Fermi
gases of N/2 particles. Thus, we must have
R(X, 0, N) = N1/2
{ 2
π
√
1− z2 − (−1)
N/2
N
×
×cos
[
N(z
√
1− z2 + arcsinz)]
2π(1− z2) +O
(
N−2
)}
(60)
where z = X/N1/2. In Fig. 12 we report some results
for the noninteracting U = 0 case, which show the above
asymptotic behaviors with increasing N , including the
oscillations arising from the O(1/N) term. Note that the
O(1/N) corrections are singular at |z| = zb = 1 where
the leading term vanishes. As explained at the end of
Sec. III A, around zb a different large-N scaling sets in,
so that at z = zb the particle density behaves as
ρ(±zb) = O(N1/6), (61)
instead of the O(N1/2) scaling for |z| < zb. The difference
with the value of zb in Eq. (40) is just due to the fact that
here fermions have two spin components, thus we have
N/2 particles for each component.
The general interacting case shows similar behaviors.
Fig. 13 shows results for the asymptotic large-ℓ scaling
function R(X,Ur, N) versus X/N1/2 at fixed Ur/N1/2 =
−2, 2. They are obtained for a large trap size ℓ, suffi-
ciently large to reproduce the asymptotic TSS at fixed
N . These results nicely support the expected large-N
scaling behavior (59). Again we observe the phenomenon
of the restriction of the fermion cloud in the attractive
regime. Moreover, we note the oscillations which should
eventually get suppressed in the large-N limit, likely as
O(1/N) around the center of the trap analogously to the
free case. The comparison of such oscillations for differ-
ent values of Ur/N
1/2 shows that their amplitudes are
larger for attractive interactions.
We may also derive asymptotic behaviors in the limits
u ≡ N−1/2Ur → ±∞, corresponding to the pictures de-
rived in the limits Ur → ±∞ in Sec. III B 1. The u→∞
limit corresponds to a free spinless fermi gas of N parti-
cles, thus
R∞(z, u→∞) = 2
1/2
π
√
1− z
2
2
. (62)
On the other hand, the u → −∞ is expected to repro-
duce the scaling density of a hard-core bosonic gas in an
effective half trap, leading to
R∞(z, u→ −∞) = 2
3/2
π
√
1− 2z2. (63)
These curves are reported in Fig. 13. They provide the
extreme behaviors when going from Ur/N
1/2 → ∞ to
Ur/N
1/2 → −∞. In both U → ±∞ limits the correc-
tions are again expected to be 1/N , since they the corre-
sponding particle densities map into those of free Fermi
systems.
Like the noninteracting U = 0 case, see Sec. III A, the
one-point correlation and the connected density correla-
tion scale differently with respect to the distance from
the trap center, as
C(X1, X2, Ur, N) ≈ N1/2C∞(N1/2Xi, Ur/N1/2), (64)
G(X1, X2, Ur, N) ≈ NG∞(N1/2Xi, Ur/N1/2). (65)
Clear evidence of this scaling behavior is shown by the
DMRG data, see e.g. Fig. 14 which shows data for
N−1G(0, X, Ur, N) versus N1/2X keeping Ur/N1/2 fixed.
IV. THE TRAP THERMODYNAMIC LIMIT
We now consider another large-ℓ limit, the so-called
thermodynamic limit in a trap, i.e. ℓ → ∞, N → ∞
keeping the ratio
υ ≡ N/ℓd (66)
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FIG. 14: (Color online) Large-N scaling of the TSS function of
the connected density correlation: N−1G(0, X, Ur, N) versus
N1/2X keeping u ≡ Ur/N
1/2 fixed, for u = −2 (top) and
u = 2 (bottom). The data for negative U appear to converge
more slowly to their large-N limit.
fixed. Note that υ becomes proportional to the filling
N/V in the p → ∞ limit of the trapping potential, cf.
Eq. (5) (in 1D the filling would be f = υ/2). The above
thermodynamic limit in a trap can be realized by intro-
ducing a chemical-potential term, cf. Eq. (7). Indeed, υ
and µ must be asymptotically related, i.e. υ = Υ(µ). We
shall show that the function Υ(µ) can be exactly deter-
mined by LDA.
Notice that the asymptotic trap-size scaling keeping
υ fixed does not reproduce the continuum limit given by
the GY model, essentially because ℓ is considered in units
of the lattice spacing.
A. Accuracy of the LDA of the particle density
In the presence of a space-dependent confining poten-
tial, LDA estimates the space-dependent particle density
by the value of the particle density ρh(U, µ) of the homo-
geneous system at the effective chemical potential
µeff(x/ℓ) ≡ µ− V (x) = µ− (x/ℓ)2. (67)
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FIG. 15: (Color online) The function Υ(U,µ) providing the
asymptotic relation between υ ≡ N/ℓ and µ, cf. Eq. (71), for
various values of U .
This implies that the LDA particle density is a function
of the ratio x/ℓ. Indeed, we have
ρ(x, ℓ, U, µ) ≈ ρ˜lda(x/ℓ, U, µ) ≡ ρh[U, µeff(x/ℓ)]. (68)
LDA usually provides a good approximation of the par-
ticle density when the inhomogeneous external potential
is sufficiently smooth. Therefore, it is expected to pro-
vide better and better approximations with increasing
the trap size. However, substantial deviations may be
present in the case the system develops long-range corre-
lations.
LDA has been largely employed in studies of inhomo-
geneous fermion systems, and in particular for 1D sys-
tems [2, 4, 7, 9, 10, 13, 14, 16, 17, 19–27, 41–43, 48].
However, an analysis of the deviations from LDA is called
for, to get a robust confidence of its results. We inves-
tigate this issue in the trapped 1D Hubbard model (4),
where the particle density ρh(U, µ) of the homogenous
system can be exactly computed using the Bethe-Ansatz
techniques, as a function of U and µ. [59] Some details
are reported in App. B. This allows us to check the accu-
racy of LDA with the Hubbard model, and quantify the
deviations of very accurate (practically exact) numerical
results obtained by DMRG simulations.
Assuming that LDA provides the exact large-ℓ limit,
we may derive the asymptotic relation between the par-
ticle number and the chemical potential:
υ ≡ N/ℓ ≈ ℓ−1
∑
x
ρ˜lda(x/ℓ, U, µυ) (69)
≈
∫ ∞
−∞
dz ρ˜lda(z, U, µυ) = Υ(U, µυ).
In Fig. 15 we show the function Υ(U, µ) for some values of
U . We use this relation to derive the chemical potential
corresponding to the value υ we are interested in. In
practice, for a given value of υ, we consider the LDA
ρlda(x, U, υ) ≡ ρ˜lda(x, U, µυ) (70)
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FIG. 16: (Color online) LDA of the particle density for some
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phases of Fig. 1.
with µυ obtained using the equation
υ = Υ(U, µυ). (71)
The eventual consistency of the results will support this
work hypothesis.
Before showing results for the Hubbard model, we note
that for U = 0 we must recover the known results for free
fermion lattice systems. As shown in Ref. [39], the LDA
of the particle density of 1D hard-core bosons, equivalent
to a free spinless Fermi gas, provides the asymptotic be-
havior in the large-ℓ limit keeping x/ℓ fixed. This also
applies to the unpolarized Hubbard model for U = 0,
for which we have two identical free spinless Fermi gases
with half particles. Thus, the LDA of the particle density
at U = 0 reads
ρlda(x, U = 0, υ) = 2 ρlda0(x, υ/2) (72)
where
ρlda0(x, υ) = ρ˜lda0(x, µυ) = (73) 0 for µeff(x) < −2,(1/π) arccos [−µeff(x)/2] for −2 ≤ µeff(x) ≤ 2,1 for µeff(x) > 2,
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FIG. 17: (Color online) Comparison of DMRG and LDA re-
sults of the particle density, for U = −2 (top) and U = 2
(bottom) and υ = 0.5, 1. Since the curves are symmetric for
x→ −x, we show only data for x ≥ 0.
with µeff = µυ − V (x), and µυ is related to the ratio
υ ≡ N/ℓ by
υ =
∫ ∞
−∞
dx ρ˜lda0(x, µυ). (74)
The corrections to the relation (69) turn out to be O(ℓ−1)
for free Fermi gases, thus for the Hubbard model at U =
0. We expect that this fact extends to nonzero on-site
interactions.
Fig. 16 shows some results for the LDA of the particle
density, for some values of υ and U , derived using the
Bethe Ansatz for the homogenous system, see App. B,
and assuming Eq. (69). Depending on the values of υ
and U , the curves show plateaus at integer values corre-
sponding to the Mott phases of the phase diagram shown
in Fig. 1. Analogous results have been also reported in
Ref. [13, 82], by quantum Monte Carlo and DMRG sim-
ulations. In Fig. 17 we compare the LDA curves with
the DMRG results for U = 2 and υ = 1/2, 1. Analo-
gous results are derived for other values of U and υ. We
note that the agreement is satisfactory, but deviations
are clearly observed, in particular at the boundary of the
fermion cloud. We also note that the oscillations around
the asymptotic curve are larger in the case of attractive
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FIG. 18: (Color online) The top figure shows the particle den-
sity for υ = 0.272 and ℓ = 8000 and its LDA approximation
(the inset is necessary to observe the tiny differences). The
other figures show the real and imaginary part of the complex
function A(Y, υ) in Eq. (76) for two values of υ, υ = 0.272
and υ = 0.072 corresponding respectively to q = 0.6399...
and q = 1.253....
interactions.
In order to characterize the deviations from LDA,
whether they really vanish in the large-ℓ limit and how
they get suppressed if LDA becomes asymptotically ex-
act, we consider the difference
∆ρ ≡ ρ(x, ℓ, U, υ)− ρlda(x/ℓ, U, υ). (75)
We investigate whether and how such a difference gets
suppressed in the large trap-size limit. In the following
we consider the case in which the whole trapped sys-
tem is within the metallic phase, but the analysis can be
straightforwardly extended to the other possible cases.
In the case of free Fermi systems, i.e. U = 0, the differ-
ence ∆ρ vanishes as O(ℓ−1) around the center of the trap,
with a quite intricate scaling within the metallic phase,
as shown by the results of Ref. [39] for free fermion sys-
tems (or equivalently hard-core Bose-Hubbard systems)
at fixed chemical potential. In the case of fixed ratioN/ℓ,
an educated guess for its asymptotic behavior turns out
to be
ℓ∆ρ(x, ℓ, U = 0, υ) ≈ Re [A(Y, υ)eiqx]+ o(1),(76)
Y = xℓ−2/3, q = πρlda(0, 0, υ),
where A is a nontrivial complex function. This is sup-
ported by numerical results up to very large trap size,
up to ℓ = O(104) by exact diagonalization methods, as
shown by Fig. 18 which shows results for some values of
υ. This is consistent with the analysis of free fermion sys-
tems (or equivalently hard-core Bose-Hubbard systems)
at fixed chemical potential reported in Ref. [39]. More-
over, free Fermi systems show an anomalous behavior at
the boundaries of the trap, where the LDA of the par-
ticle density vanishes, and much larger O(ℓ−1/3) correc-
tions arise [39, 49]. An interesting issue is whether these
features extend to the interacting |U | > 0 case.
For this purpose we present DMRG results at fixed
υ ≡ N/ℓ and various values of U . Figs. 19 show some
data of ℓ∆ρ versus x/ℓ for υ = 1 and U = ±2. Anal-
ogous results are obtained for other values of υ and/or
U . The difference ∆ρ(x), defined in Eq. (75), does not
show a simple scaling behavior. However it shows most
features of the free Fermi gas. Indeed, around the center
of the trap the product ℓ∆ρ shows an oscillating behavior
with an almost constant amplitude, indicating that ∆ρ
gets suppressed as O(ℓ−1) around the center of the trap.
Such oscillations were already reported and discussed in
the literature, see e.g. Refs. [48, 83]. Moreover, the num-
ber npeak of peaks turns out to increase proportionally
to ℓ as suggested by the phase term in Eq. (76) (more
precisely at U = −2, 2 we count npeak ≈ N/2 = υℓ/2).
We also note that the deviations from LDA get further
suppressed, effectively as O(ℓ−2), by averaging the oscil-
lations around the center of the trap, in a relatively large
space interval sufficiently far from the boundaries, for
x/ℓ . 0.2 say. Our DMRG results for the Hubbard model
are not sufficiently asymptotic to disentangle terms scal-
ing differently as in Eq. (76).
We finally mention that the connected density-density
correlation G(0, x) turns out to vanish after a few lattice
spacings, without showing any particular dependence on
the trap size, see e.g. Fig. 20.
B. Scaling behavior at the boundary of the trap
As already mentioned, Figs. 19 show significant devia-
tions at the boundary of the cloud, where the amplitude
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FIG. 19: (Color online) DMRG data for the product ℓ∆ρ(x),
where ∆ρ(x) is the difference of the particle density and its
LDA, for υ = 1, U = −2 (top) and U = 2 (bottom). The
vertical dashed line indicates the value X0 = x0/ℓ where the
LDA of the particle density vanishes.
of the fluctuations do not appear constant by clearly in-
crease. The data indicate that around the boundaries of
the fermion cloud the behavior is substantially different,
and the deviations may have a different origin. They can
be explained as an effect of the metal-to-vacuum transi-
tion occurring at the boundary of the cloud. Indeed, for
repulsive interactions, at the spatial points correspond-
ing to µeff(x) ≈ µ0 = −2 the system effectively passes
from the vacuum [where µeff(x) . −2 for U > 0] to the
metallic [where µeff(x) & −2] space region. We thus ex-
pect that, for generic values of µ and U > 0, the regions
around x0/ℓ = ±X0, with
X0 =
√
2 + µ, µeff(X0) = −2, (77)
develop quantum critical modes. But we must take into
account that this occurs in the presence of an external
space-dependent field. The effective chemical potential
can be expanded around x0 as
µeff = µ−(x/ℓ)2 = −2−2X0x− x0
ℓ
+O[(x−x0)2]. (78)
Thus, the behavior around x0 is essentially analogous
to that arising at the vacuum-to-metal transition in the
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FIG. 20: (Color online) Results for the connected density-
density correlation G(0, x) at U = ±2 and υ = 1. For each
value of U the N = 10 and N = 30 data vary very little.
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FIG. 21: (Color online) Scaling at the boundaries of the cloud:
ℓ1/3ρ(x) versus Xb ≡ (x − x0)/ℓ
1/3 for U = 0 (top) and
Uℓ1/3 = 4.30887... (bottom).
presence of a linear potential Vl ∼ r/ℓ. Around x0, criti-
cal modes should appear with length scale ξ ∼ lσ, where
σ is the exponent associated with a linear external po-
tential. Thus, by replacing p = 1 in Eq. (21), we obtain
σ = 1/3. We expect that around x = x0 the particle
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density shows the scaling behavior
ρ(x;U, ℓ, υ) ≈ ℓ−1/3fρ(Xb, Ub), (79)
Xb = (x − x0)/ℓ1/3, Ub = Uℓ1/3. (80)
A similar scaling behavior is also expected for the corre-
lation functions around x0. For example the connected
density correlation is expected to scale as
G(x0, x) = ℓ
−2/3fg(Xb, Ub). (81)
An analogous behavior is found in trapped bosonic sys-
tems with repulsive interaction, see e.g. the results of
Refs. [39, 49, 51]. The above scaling behaviors are nicely
confirmed by the DMRG data, see e.g. Figs. 21, where
we show results for the particle density keeping υ ≡ N/l
and Ub = Uℓ
1/3 fixed.
The scaling (79) implies that ρ(x) gets roughly sup-
pressed as ℓ−1/3 at x0 where ρlda vanishes (assuming
that fρ(0, u) ∼ const for u → ±∞). Therefore, cor-
rections to LDA are O(ℓ−1/3) around the boundary, thus
much less suppressed than those around the center of the
trap, which are O(ℓ−1) and oscillating. Note that this
anomalous scaling behavior at the boundaries does not
necessarily affect the corrections between the total par-
ticle number and its LDA approximation, cf. Eq. (69),
which are expected to be suppressed as O(ℓ−1). Indeed,
although corrections to the LDA of the particle density
are O(ℓ−1/3) around the boundary of the trap, the region
where such behavior is observed shrinks as O(ℓ−2/3) in
terms of x/ℓ (which means that this boundary critical
region enlarges as ℓ1/3 around x0).
The above edge scaling behaviors are expected to be
universal apart from a multiplicative constant and nor-
malizations of the arguments of the scaling functions.
They are universal with respect to changes of the chem-
ical potential µ, thus υ, and microscopic short-ranged
interactions, for example adding the nearest-neighbor in-
teraction (52), essentially because they are controlled by
the dilute fixed point of the field theory (16) in the pres-
ence of an external linear field.
We also note that analogous phenomena are expected
around the space region corresponding to a transition
between metallic and Mott phases, at the end of the
plateaus of the particle-density curves shown in Fig. 16.
Such a transition is controlled by the same RG expo-
nents of the dilute fixed points, cf. Eqs. (17) and (21),
which can be inferred from the exact solution for the ho-
mogenous system. Thus scaling equations analogous to
Eqs. (79-81) are expected to apply around the edges of
the density plateaus.
Analogous scaling behaviors are also expected in
higher-dimensional fermionic systems, at the boundaries
of their trap. For example, in 3D systems with a rota-
tional invariant trap, the radial space dependence of the
particle density around the boundary of the trap should
behave
ρ(r;U, ℓ, υ) ≈ ℓ−d/3fρ(Rb), (82)
where Rb = (r − r0)/ℓ1/3 and r0 is the space distance
where the particle density vanishes asymptotically. Note
the independence of U of the leading scaling behavior,
due to the fact that the quartic coupling is irrelevant at
the three-dimensional dilute fixed point, see Sec. III B.
V. SUMMARY AND CONCLUSIONS
We study the effects of an inhomogeneous trap
in fermion systems described by the lattice Hubbard
model with an external confining potential, in the zero-
temperature limit. This issue is of experimental relevance
because these systems are investigated in experiments
with ultracold atoms, see e.g. Refs. [1–3]. Indeed an im-
portant feature of these experiments is the presence of a
confining force, which traps the atoms within a limited
spatial region.
We investigate the scaling behavior of the ground state
of unpolarized systems, i.e. with zero global spin, when
varying the size ℓ of the trap. The trap size ℓ is natu-
rally defined by writing the external harmonic potential
as V (x) = t|x|2/ℓ2, cf. Eq. (6), where t is the kinetic
constant (tunneling rate) of the Hubbard model (1). We
mostly consider 1D systems, with both attractive and re-
pulsive interactions, in the dilute regime when the trap
size ℓ gets large keeping the particle number N fixed, and
in the trap thermodynamic limit defined as the large-N
limit keeping the ratio υ ≡ N/ℓ fixed. We discuss the
universal behavior of several observables, such as the par-
ticle density, double occupancy, density-density correla-
tion, one-point correlation, and pair correlation.
For a lattice system of N fermion particles with short-
range interactions, such as the Hubbard model, the trap-
size dependence in the dilute regime shows universal scal-
ing behaviors, which can be described in the framework
of the TSS theory [5, 6]. The universal features of the
TSS in the dilute regime of Hubbard models are derived
by a RG analysis of the various relevant perturbations
at the dilute fixed point. In particular, TSS is controlled
by the trap exponent θ, cf. Eq. (21), related to the RG
perturbation arising from the trapping potential. This
implies that spatial coordinates x must be rescaled as
X = x/ℓθ to get a nontrivial TSS limit when ℓ → ∞.
For harmonic traps, which is the relevant case in most
experiments, θ = 1/2 in any spatial dimensions.
In three dimensions the dilute fixed point is stable with
respect to the on-site interaction, thus the TSS behav-
ior approaches that of a free Fermi gas, cf. Eqs. (43),
independently of U . The on-site interaction gives only
rise to O(ℓ−θ) relative corrections. On the other hand,
in the 1D case the on-site interaction turns out to be rel-
evant. Thus the TSS in the dilute regime also requires a
nontrivial rescaling of the on-site coupling U , indeed the
corresponding scaling variable turns out to be Ur = Uℓ
θ.
This RG analysis leads to the universal TSS reported
in Eqs. (45-50). We argue that the leading TSS behav-
ior reproduces the particle density and correlations of a
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1D Fermi gas defined in the continuum, given by the so-
called Gaudin-Yang model [68, 69] in the presence of a
trapping potential, cf. Eq. (53), with g ∼ Ur.
In order to check, and further characterize, the TSS
of the 1D Hubbard model at fixed N , we present re-
sults of DMRG simulations for several values of N , the
on-site interactions, and the trap size ℓ of the harmonic
trap. The DMRG results are in fully agreement with
the TSS predictions. In particular, the data show that
the TSS functions of the particle density and density-
density correlation crossover among different asymptotic
regimes where these quantities can be exactly computed,
i.e. for strongly repulsive interactions where they ap-
proach those of a spinless Fermi gas, for weak interactions
those of a free Fermi gas, and for strongly attractive in-
teractions they match those of a gas of hard-core bosonic
molecules. In these 1D systems the formation of a gas
of molecules of pair fermions presents some analogies to
the formation of a 3D molecule BEC and the BCS-BEC
crossover for 3D Fermi systems, which has been recently
observed in experiments with ultracold Fermi gases, see
e.g. Refs. [3, 74–80].
The large-N behavior of the TSS functions show a
further nontrivial large-N scaling. We argue that the
space dependence of the particle density and the correla-
tions show a substantially different scaling behavior, see
Eqs. (59), (64), and (65). Indeed, while the large-N scal-
ing behavior of the particle density is realized keeping
X/N1/2 fixed, the large-N behavior of the TSS functions
of the correlations is obtained keeping N1/2X fixed, thus
remaining significant only at short distance.
The 1D Hubbard model in the trap thermodynamic
limit is asymptotically equivalent to introducing a
chemical-potential term, as in Eq. (7). We address the is-
sue of the accuracy of the LDA, which approximates the
space-dependent particle density in a trap by the particle
density of the homogenous system at the corresponding
value of the effective chemical potential. LDA is routinely
used in the analyses of the numerical and experimen-
tal data of inhomogeneous particle systems. However,
a quantitative analysis of the deviations from LDA, and
therefore of its accuracy, is required to get a robust con-
fidence of its results, especially when the actual trap size
is not very large and/or the system is close to criticality.
In the 1D Hubbard model the validity of LDA can be
accurately checked because the particle density of ho-
mogenous systems can be exactly computed by Bethe-
Ansatz methods. We show that LDA becomes exact in
the large trap-size limit keeping x/ℓ fixed, with power-
law suppressed corrections. When the trapped system is
in the metallic phase, the corrections to LDA turn out to
be O(ℓ−1) and oscillating around the center of the trap.
Actually they may be further suppressed by appropriate
averages around the center of the trap, likely to O(ℓ−2).
However, they become much larger at the boundary of
the fermion cloud, where they get suppressed as O(ℓ−1/3)
only. Such an anomalous behavior at the boundary of the
trapped fermion cloud is explained, and described, by a
quantum critical behavior at the metal-to-vacuum tran-
sition occurring at the boundaries of the trap.
In our study we consider in particular the observables
related to the particle density, double occupancy, and
their correlations, determining the scaling behaviors of
their space dependence along the trap. These features
can be experimentally investigated by in situ imaging
techniques for atomic quantum gases, [28, 84, 85] which
allow to probe the spatial dependence of the particle den-
sity, and also density fluctuations and density-density
correlations, see, e.g., Refs. [86–88].
The study of the scaling behavior of trapped inter-
acting Fermi systems may be extended considering also
unbalanced systems. In this case attractive interactions
give rise to new states such as the Fulde-Ferrel-Larkin-
Ovchinnikov (FFLO) state [89], in which an unbalance in
the populations with different spin leads to the formation
of Cooper pairs with nonzero momentum. Experimen-
tal evidence of such states has been recently reported,
see e.g. [90]. We expect that Hubbard models describ-
ing trapped imbalanced Fermi gases present a nontrivial
scaling behavior as well, sharing most features with the
balanced case. In particular, the extension of our anal-
ysis to imbalanced fermions in the dilute regime should
be straightforward, a universal TSS should be observed,
analogously to that found in the balanced case, but with
TSS functions also depending on the total spin.
In our paper we mostly focus on 1D systems, but the
general features should also apply to higher-dimensional
systems, in particular those related to the universal TSS
in the dilute regime, the accuracy of the LDA, and the
scaling behavior at the boundaries of the trap.
Appendix A: Mapping between 1D Hubbard and
two-flavor Bose-Hubbard models
We discuss the exact mapping between the 1D Hub-
bard model and the Bose-Hubbard model with two
bosonic fields. We consider the two-flavor Bose-Hubbard
open chain of length L with Hamiltonian
HBH = −
∑
〈ij〉,α
Jα(b
†
αibαj + b
†
αjbαi) (A1)
+
∑
αi
Uαnαi(nαi − 1) + U12
∑
i
n1in2i,
where biα is a bosonic creation operator and α = 1, 2 and
niα ≡ b†iαbiα is the particle density. We are interested in
the hard-core limit Uα →∞, where nαi is limited to the
values 0 and 1.
Following Ref. 91, we first map the Bose-Hubbard
model into a spin-1/2 system through the Holstein-
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Primakoff transformation
σ+αi = b
†
αi
√
1− b†αibαi,
σ−αi =
√
1− b†αibαi bαi,
σzαi = b
†
αibαi −
1
2
. (A2)
Then the spin-1/2 system can be mapped into a Hubbard
model through the Jordan-Wigner transformation [92]
σ+αi = c
†
αiRαi, σ
−
αi = Rαicαi, σ
z
αi = c
†
αicαi−
1
2
, (A3)
where
R1i = (−1)
∑
j<i
n1j , R2i = (−1)N1+
∑
j<i
n2j ,
Nα =
∑
i
nαi. (A4)
The resulting Hamiltonian is exactly the Hubbard model
Hamiltonian (1). The above mapping also applies if ad-
ditional interactions only involving nαi are present, e.g.,
a trapping potential as in Eq. (4) or a nearest-neighbor
nn coupling (extended Hubbard model).
Concerning the boundary conditions, while the case
of OBC is quite trivial, we note that periodic boundary
conditions in b are not equivalent to periodic boundary
conditions in c.
Appendix B: The Bethe Ansatz
The Bethe-Ansatz method allows us to solve exactly
several 1D models, like the Hubbard model, the XXZ
model, the Gaudin–Yang model, etc. This method re-
duces the complex many-particle scattering process be-
tween fermions to the composition of many two-particle
processes, where particle momenta are not changed, but
merely reassigned to different particles. This physical
picture allows us to introduce a wavefunction ansatz
where the role of momenta permutations is explicit: the
ansatz keeps in account all possible outcoming scattering
states, weighted with appropriate amplitudes. Model-
specific conditions are used to give conditions about
them: in the Hubbard Model [59] this is achieved using
boundary conditions, the first quantization Schro¨dinger
equation, and symmetry conditions, obtaining a number
of relations called Lieb-Wu equations.
While these equations are in general difficult to solve,
in the thermodynamic limit their solutions are approx-
imated by particular solution patterns in the complex
plane: assuming that all solutions can be approximated
by these patterns allows us to rewrite the Lieb-Wu equa-
tions as integral equations which allow us to compute the
thermodynamic quantities of the model. In the absence
of external magnetic fields and at T = 0, the particle
density ρ(µ) for U > 0 can be determined solving the
integral-equation system
κQ(k) = −2 cosk − µ+ (B1)
+
∫ +Q
−Q
dk′R (sin k′ − sin k)κQ(k′) cos k′,
ΠQ(k) =
1
2π
+ cos k
∫ +Q
−Q
dk′R (sin k′ − sin k)ΠQ(k′),
ρ(Q) =
∫ +Q
−Q
ΠQ(k) dk,
R(x) ≡
∫ +∞
−∞
eiωx
1 + eU|ω|/2
dω
2π
,
where |k| < Q, κQ(k) is the dressed energy of the relevant
elementary excitations of the model over the ground state
and ΠQ(k) is the density of particles in the momentum
space. The equation κQ(k = ±Q) = 0 can be decom-
posed in further integral equations, which allow us to link
the free parameter Q ∈ [0, π] to the chemical potential µ,
obtaining ρ(µ) = ρ[Q(µ)].
The attractive case (U < 0) can be reduced to the
repulsive one[59] applying appropriate transformations to
the Bethe Ansatz Equations and states: in this case, the
integral equations defining the density ρ(µ) of the model
at T = 0 and in absence of magnetic field become
ǫΛ(λ) +
∫ +Λ
−Λ
|U |
2π[U2/4 + (λ− ν)2]ǫΛ(ν) dν =
= 4Re[1− (λ+ iU/4)2]1/2 + 2µ,
ǫΛ(λ = ±Λ) = 0,
σΛ(λ) +
∫ +Λ
−Λ
|U |
2π[U2/4 + (λ− ν)2]σΛ(ν) dν =
=
1
π
Re[1− (λ+ iU/4)2]−1/2,
ρ(Λ) = 2
∫ +Λ
−Λ
σΛ(λ) dλ, (B2)
where |λ| < Λ. In this case ǫΛ(λ) is the dressed energy of
the model excitations, and is function of the spin rapidity
λ (fermionic spin rapidities are, as fermionic momenta,
quantum numbers parametrizing the Bethe Ansatz solu-
tions). σΛ(λ) is the particle density in the spin rapidity
space. As previously, the relation ǫΛ(λ = ±Λ) = 0 can
be decomposed in further integral equations, which al-
low us to find a relation between the positive parameter
Λ and the chemical potential: this yields the relation
ρ(µ) = ρ[Λ(µ)].
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